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Neural Operator Learning of Nonlinear Collective Interactions Between Impurity Defects in Quantum Condensates
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Abstract: Impurity defects in quantum condensates are a well-defined setting for studying how local perturbations yield a collective, field-mediated behavior in nonlinear many-body media [1]. In a Bose-Einstein condensate an impurity affects the condensate order parameter at the local level and creates a dressing cloud with density depletion, phase response, and restoration to the background state [1]. For two impurities, the joint of those dressing clouds induces an effective interaction that does not arise from a direct pairwise force but from a self-consistent reorganization of the condensate field [2]. This study presents interaction as a nonlinear field-response problem, which is governed by the impurity-coupled Gross-Pitaevskii equation [3]. The observable central contribution is the induced interaction potential, defined in terms of relaxed zero-, one-, and two-defect energies as . This deduction isolates the energetic contribution that cannot be explained by independent isolated impurities. 
To distinguish real collective response from mere incorporation of two single-defect profiles we present a deformation non-additivity measurement which compares the true two-defect density deformation to the linear superposition of two isolated dressing clouds. Given the fact that the same scale of interaction energy can be generated by various spatial pathways, such as in the impurity-core density, inter-defect recovery region, and the kinetic-gradient contribution near sharp density differences, this field-level residual is important. The estimation utilizes smooth Gaussian impurity potentials in a one-dimensional dimensionless condensate and generates relaxed ground-state setups from imaginary-time evolution. The response can be assessed using the various conditions of impurity strength, impurity width, condensate interaction strength, and degree of separation on the healing length in the study [3]. 
The density field for large scale separation is approximately additive and induced interaction is weak. At separations similar to the healing length, the deformation clouds will overlap and the condensate will relax into a truly two-defect configuration. From the obtained nonlinear residual, we deduced the spatial origin of the interaction prior to transformation to an energy curve. The results indicate that the induced interaction is strongest when the separation between the two impurity defects occurs by a distance the length of which is commensurate with that of the condensate healing length.
In this regime, the two individual depletion clouds no longer remain independent, and the density between the impurities is reorganized into a collective deformation profile. The computed nonlinear residual confirms that the two-defect density field cannot be reconstructed by simply adding two isolated single-defect responses. This provides direct field-level evidence that the interaction is mediated by nonlinear condensate deformation rather than by an imposed pairwise potential.
To learn this mapping efficiently across parameter space, we develop a physics-informed Fourier Neural Operator. The model takes the impurity potential field and scalar condensate parameters as inputs and predicts the condensate density deformation, two-defect energy, induced interaction, and non-additivity measure. This operator-learning formulation is more appropriate than scalar regression because the interaction is a consequence of the full spatial field. Fourier-space layers are used to capture the nonlocal structure of healing, dressing-cloud overlap, and particle-number-constrained relaxation, following the neural-operator framework for learning solution maps of parametrized PDEs [4,5]. The training objective combines density reconstruction, deformation accuracy, interaction-energy error, non-additivity prediction, particle-number consistency, and gradient consistency.
The proposed model connects nonlinear condensate physics with scientific machine learning by treating the effective impurity interaction as a derived quantity of a learned solution operator rather than as an isolated fitted potential. It provides a fast surrogate route for regime mapping, parameter sweeps, and interpretation of mean-field Bose-polaron-like interactions [1,4,5]. The response maps reveal additive, weakly nonlinear, and strongly collective areas, indicating where linear superposition remains adequate and where the condensate needs to be treated as a coupled nonlinear medium. 
The investigation also clarifies the physical meaning of energy decomposition. The induced interaction is produced by a balance among kinetic-gradient energy, nonlinear condensate interaction energy, and impurity-density coupling. Visually, a small residual at a high-gradient or impurity-core region can thus yield more interaction energy than a larger residual in a weakly weighted recovery region. As such, we treat density residuals, energy shifts, and regime classification with this approach as complementary diagnostics rather than interchangeable observables. 
Although the current formulation is intentionally limited to a controlled Gross-Pitaevskii context, it provides a basis for generalizations to higher-dimensional condensates, trapped geometries, time-dependent impurity dressing, and beyond-mean-field impurity-bath models in conjunction with phonon correlations and quantum fluctuations [1,2]. More broadly, the approach shows how localized defects in nonlinear media can be investigated using learned solution operators that retain the physical field mechanism responsible for emergent interactions [3-5].  
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