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Free-surface waves in a hollow vortex with surface tension
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Background and Motivation. A hollow vortex forms when the pressure at the core of a point vortex drops below the vapour pressure of the surrounding liquid. Such structures arise in a wide range of natural and engineering contexts: tornadoes, tip vortex cavitation on marine propellers, vortex rope cavitation in Francis turbine draft tubes, and industrial mixers. The interior of a hollow vortex contains vapour or air at nearly constant pressure, while the exterior flow is treated as incompressible and irrotational. Theoretical study of hollow vortices dates to Hicks (1883) and Pocklington (1895), with substantial modern advances by Christopher & Llewellyn Smith (2021), who computed equilibrium shapes in corner geometries. However, all prior work in the presence of solid boundaries neglects surface tension. Surface tension introduces a pressure jump proportional to the local curvature of the free surface (Young–Laplace relation), so the velocity magnitude along the boundary is no longer constant — making the problem substantially more difficult. The present paper fills this gap by obtaining, for the first time, equilibrium configurations of hollow vortices with surface tension confined within a corner geometry.
Problem Formulation. The flow domain shown in Fig.1a is a corner of interior half-angle α ∈ (0, π), bounded by a solid wall and a line of symmetry. A hollow vortex, symmetric about the corner bisector, is located at unit distance D from the apex. By exploiting this symmetry, the doubly connected full domain is reduced to a simply connected half-domain, greatly simplifying the analysis. The integral hodograph method is applied: analytical expressions for the complex velocity dw/dz and the derivative of the complex potential dw/dζ are constructed in the first quadrant of an auxiliary parameter plane ζ as shown in Fig.1b, where the imaginary axis maps to the free surface and the real axis to the solid boundary. Applying the dynamic boundary condition – Bernoulli's equation combined with the Young–Laplace pressure jump – yields a singular integral equation for the velocity magnitude  along the free surface.
Wave quantisation. For finite , surface tension excites capillary waves on the free surface. On a finite-length boundary, only a discrete set of wave modes can be accommodated — in contrast to an unbounded free surface where the wavelength varies continuously with . As  increases from a low value, the number of standing waves on the vortex boundary increases by one at each transition, accompanied by a sudden change in shape. Within any given mode, varying We produces only minor shape modifications. Wave amplitudes decrease as  grows and vanish in the  limit.
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Fig.2. Quantisation of free-surface waves under continuous variation of the Weber number. The self-intersection observed in the curves shown in orange indicates that the contour extends onto the second
Riemann sheet, which is generally considered unphysical.

Conclusions. This work provides the first equilibrium configurations of hollow vortices with surface tension in the presence of solid boundaries. The integral hodograph method proves effective for this class of free-boundary problems: it accommodates fully nonlinear boundary conditions on both the free surface and the corner wall, and yields a tractable singular integral equation solvable by standard collocation-Newton iterations.
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