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Abstract: 
The study of nonlinear lattices composed of different kinds of nonlinear oscillators has proven to be of fundamental importance in advancing our understanding of collective dynamics in physics, particularly the relationship between chaos and thermalization. A seminal milestone in this field dates back to 1953 [1], with the pioneering numerical experiment by Fermi, Pasta, Ulam, and Tsingou (FPUT), who investigated a one-dimensional chain of coupled nonlinear oscillators out of the equilibrium. Indeed, FPUT found that the expected energy equipartition was not reached. Instead, they observed quasiperiodic energy recurrences, that, today, we know they appear because the initial conditions used by FPUT were chosen near time-periodic solutions showing a strong energy localization in the normal mode space (q-breathers) [2,3]. Since then, the possibility that even in weakly nonlinear Hamiltonian systems, thermalization might not occur or be extremely slow due to the spontaneous appearance of strong local fluctuations is a legitimate point of view. Although it is well known that chaos always appears as the fundamental precursor of thermalization in nonlinear lattices [4-8], we also know that chaotic behavior is not always a sufficient condition to assert that a given orbit has also reached the thermalization regime [8-10]. In fact, we can find several examples [6,8,11] of nonlinear lattices where the time needed by the system to become chaotic is much shorter than the thermalization time. In all those systems, the large difference between the two timescales is due to the presence of chaotic breather-like excitations.
The methodology employed in the studies of lattices of nonlinear oscillators is largely universal. Typically, the system is first initialized in its ground state (GS), after which the system is driven out of equilibrium by supplying it with a excess energy. This excess energy is often localized in a single oscillator. Then, the time evolution of this excitation is analyzed to characterize the redistribution of energy throughout the system. This analysis generally involves the computation of Lyapunov exponents, which quantify the degree of chaoticity of the system, as well as correlation functions such as the spectral entropy, which provide insight into the spreading of the energy across the lattice. Together, those tools allow for a detailed quantification of the evolution of the chaotic behavior of the system as well as its thermalization degree.
In most cases, the lattices investigated belong to the class of FPUT–type models, i.e., systems that are described by perturbed harmonic oscillators. In those systems, interactions are of short range, being effectively limited to nearest neighbors. Moreover, the GS of such models is well defined and can be readily determined, because it generally corresponds to a trivial configuration with all the oscillators at rest. This structural simplicity has made FPUT-like systems a natural and widely adopted framework for exploring the aforementioned questions.
The situation is expected to change when considering oscillators governed by long-range interaction potentials. This is the case when lattices of electric dipoles are considered [12-17]. In such systems, each oscillator/dipole interacts in a natural way with many others beyond its immediate neighbors before the interaction becomes effectively zero. A first step in the study of dipole lattices is to consider simplified configurations, such as linear chains in which only nearest-neighbor interactions are taken into account. These approximations allow one to retain some of the essential features of the dynamics thanks to a significantly reduction of the system’s complexity associated with full long-range interactions.
However, a fundamental issue arises when more complex geometries are considered, or when one addresses how the inclusion of interactions beyond nearest neighbors influences the system’s dynamics [18]. Moreover, in a dipole lattice, the determination of the equilibrium configuration corresponding to the GS is by no means a trivial task; rather, it constitutes a problem that must be solved prior to any meaningful dynamical analysis.
The aim of this talk is precisely to highlight these challenges. On the one hand, we will examine the dynamical consequences of incorporating interactions beyond nearest neighbors, and how extended coupling alters energy transport, chaos, and thermalization. On the other hand, we will address the fact that, when considering dipole lattices more complex than a simple linear chain, determining the GS configuration becomes a nontrivial task that requires the use of specific minimization techniques, such as the Nelder–Mead algorithm [19,20].
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